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Abstract  This paper presents a canonical duality theory for solving quadratic minimiza-
tion problems subjected to either box or integer constraints. Results show that under Gao and
Strang’s general global optimality condition, these well-known nonconvex and discrete prob-
lems can be converted into smooth concave maximization dual problems over closed convex
feasible spaces without duality gap, and can be solved by well-developed optimization meth-
ods. Both existence and uniqueness of these canonical dual solutions are presented. Based
on a second-order canonical dual perturbation, the discrete integer programming problem
is equivalent to a continuous unconstrained Lipschitzian optimization problem, which can
be solved by certain deterministic technique. Particularly, an analytical solution is obtained
under certain condition. A fourth-order canonical dual perturbation algorithm is presented
and applications are illustrated. Finally, implication of the canonical duality theory for the
popular semi-definite programming method is revealed.

Keywords Canonical duality theory - Quadratic programming - Integer programming -
NP-hard problems - Global optimization

1 Primal problems and preliminary results

Let us consider the following constrained nonconvex quadratic minimization problem:

P): min[P(x):%(x,Qx)—(x,c)|xeXa], (1)
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where Q = QF € R"™" jsa given indefinite matrix, ¢ is a given vector in R", X, C R"
is a feasible space, and (x, x) represents a bilinear form on R" x R". For box constrained
problem, X, is defined by

Xy ={xeR'| —l<x<1,Vi=1,...,n. )

Problem (P) is probably the most simple global optimization problem, which appears in many
applications (see Floudas and Visweswaran [9, 10]). Replacing the inequality constraints in
X, by equality constraints x; = =1 (i = 1,2, ..., n), the problem (P) is reduced to the
well-known integer programming:

(Pip) :  min ‘P(x) = %(x, Qx) — (x,¢) | st. x€ 3Xal , 3)

where the feasible set 0.X, denotes the vertices of X, i.e.,
0X, ={xeR"| xe{-1,1}"}. “4)

Due to the nonconvexity of the quadratic function P(x), quadratic minimization problems
with either box or integer constraints are considered to be NP-hard (see Murty and Kaba-
di [29], Pardalos and Schnitger [30], Pardalos and Vavasis [31]). Detailed discussions and
some important numerical algorithms were given in [1,2,3,7,8,25,26,34,35] as well as in
the review article [10].

Canonical duality theory developed in [12,13] is a potentially powerful methodology
which can be used to solve a wide class of nonconvex/nonsmooth/discrete problems in non-
linear analysis, global optimization, and computational science. The original idea of this
theory is from the joint paper by Gao and Strang [22] in fully nonlinear systems. Appli-
cations of this canonical duality theory in global optimization have been given in [13—-15].
Recently, perfect dual problems (with zero duality gap) have been formulated for a class
of nonconvex polynomial minimization problems with box and integer constraints [16]. By
introducing a quadratic operator € = A(x) = %{xi2 — 1} such that the linear inequality
constraints in X} is re-written in the so-called canonical form €(x) < 0 (the key step in the
canonical dual transformation [13,14]), the canonical dual for box constrained problem has
a very simple form

(Pd) : max [Pd(a) = —%([G(a)]_lc, c) — %(e,a) | o eSHt, ®)

where G(o) = Q + Diag(o), the notation Diag(e) represents a diagonal matrix with oj,
i =1,2,...,nbeing its diagonal elements, e is an n-vector of all ones, and the dual feasible
space S and S, are defined as

@ Springer



J Glob Optim (2010) 47:463-484 465

S ={o eR"l ¢ >0, G(o) > 0}, (6)
S, ={ceR'l ¢ >0, G(o) <0} )

The following theorem shows that (Pd ) is canonically (i.e. with zero duality gap) dual to
the primal problem (P).

Theorem 1 ([16]) The problem (77‘1 ) is canonically dual to (P) in the sense that if ¢ is a
critical point of P4(0), the vectorx(6) = [G(a)] 'cisa KKT point of the problem (P) and

P®) = PY(&). (®)

If the critical point @ > 0, then the vector X = [G(a)]" ¢ € {—1, 1}* is a local optimal
solution to the integer programming problem (P;p).

Ifo e Sj, then o is a global maximizer of (P?), x = [G(o)] 'cisa global minimizer
of (P), and

P(X) = min P(x) = max P%(0) = P¢(3). )
xeX, O'ES;

If the critical point ¢ € S} and & > 0, then the vector X = [G)] lee{-1,1}isa
global minimizer to the integer programming problem (’P,-p).

Ifo € S, then ¢ is a local minimizer of (Pd), the vector X = [G(a)]_lc is a local
minimizer of (P), and on the neighborhood X, x S, of (X, d),

P(X) = min P(x) = min P%(0) = P4(5). 10)
xeX? gesS,

This theorem shows that by the canonical duality theory, the box constrained nonconvex
minimization problem (7) can be converted into continuous concave maximization dual
problem over a convex set S, and from the point view of the canonical duality, the inte-
ger programming problem (Pi p) is actually a special case of (P). Since the canonical dual
function P9 (o) is strictly concave on S, if S} # f, the problem (Pd) can be solved
easily to obtain a unique global minimizer of the primal problem (P). If ¢ > 0, the vector
% =[G@)] 'c e {—1, 1}"" is a unique solution to (7;},). In finite deformation theory and
nonconvex variational analysis, Theorem 1 is known as the pure complementary variational
principle [11,28].

Recently, in the study of O—1 programming [5] and nonconvex constrained optimization
[19], it was discovered that for certain given matrix Q and vector ¢, the canonical dual prob-
lem (P?) may have no critical pointin S;. It is now understood that if the primal problem ()
is NP-hard, it usually has multiple solutions. In this case, the canonical dual problem (Pd)
has no solution in S;. Therefore, the main purpose of this paper is to generalize the results
presented in [16] and to study the existence and uniqueness conditions of the canonical dual
solutions. In the next section, a general form of the canonical dual problem is presented by the
standard canonical dual transformation proposed in [22]. The relation of this transformation
with the classical Lagrangian method is discussed. In Sect. 3, both global and local optimality
criteria are provided based on the triality theory developed in general nonconvex systems
[12]. The existence and uniqueness of the canonical dual solutions are discussed in Sect. 4,
where we also demonstrate that the so-called complementary gap function discovered by
Gao and Strang in general nonconvex and nonsmooth variational analysis plays an important
role in identifying the global minimizers of the nonconvex quadratic programming problems.
Canonical dual perturbation and analytic solutions to integer programming are discussed in
Sect. 5, anew canonical dual problem for convex integer programming is proposed. In Sect. 6,
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aNewton-type algorithm is proposed for solving the perturbed canonical dual problem. Appli-
cations are illustrated in Sect. 7. Implication of the canonical duality theory for semi-definite
programming method is revealed in the last section with some comments, conclusions, and
open problems for the future study.

2 Generalized canonical dual problems

Following the standard procedure of the canonical dual transformation [12], we rewrite the
inequality constraints —1 < x; <1, i = 1,...,n in A} in the canonical form: x o x < e,
where the notation s o t := (s111, $22, . . ., Spt,) denotes the Hadamard product for any two
vectors s, t € R”; by introducing a quadratic geometrical operator

1
o (Ee) = A = 5 {XTQXs X oX} R > £ = Rl+n’ (1)
and let
(& ife<le
V() = [ +o00 otherwise, "

the box constrained problem (P) can be reformulated as the following unconstrained canon-
ical form:

min{I1(x) = V(A(x)) — (x,¢) | x € R"}. (13)

Since V () is convex and lower semi-continuous on &, the canonical dual variable §* can be
defined by the following subdifferential constitutive law [22]

E ecavE)={1,0) e =R, (14)

Let (§; £*) denote the bilinear form on £ x £*, the so-called complementary function VEE"
can be defined by the Fenchel transformation:

%(e,o) ifo >0¢eR",
400 otherwise.

VEE") = sup{(§; £%) — V(§)) = [

Ses

Since both V (£) and V#(&*) are proper convex functions over their effective domains &, =
{e=1{t.e)eél e< %e} and & = {§* = {1, 0} € £*| o > 0}, respectively, the following
canonical duality relations hold on &, x & :

E cdV(E) & E caViE) o V(E) +VIEY) = (&) (15)

Therefore, by the definition introduced in [12,13], the pair (§, £§*) is called a generalized
canonical dual pair on &, x E}. Replacing V (A(x)) in the canonical primal problem (13)
by the Fenchel-Young equality V (A (X)) = (A(x); £*) — VI(£™), the total complementary
Sunction (see [22]) B(x, 0) : R" x R" — R associated with the problem (P) can be defined
as below

E(x,0) = (A(X); £) — VI(E") — (x, ¢) (16)
= %(x, G(o)x) — %(e, o) —(x,¢) st.ogeR], (17)
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where R, := {0 € R"| ¢ > 0}. Forafixed 0 € R, the criticality condition Vx E(x, ) =0
leads to the canonical equilibrium equation [12]:

Go)x=c. (18)

Clearly, if the matrix G (o) is invertible on S,, the primal variable X can be uniquely defined
by X = G lo)e. Substituting this into (17) the canonical dual problem (P?) was formulated
in [16].

On the other hand, for a given matrix Q and o € R”, if the vector ¢ is in the column
space Cy(G(0)) of the matrix G(a), i.e., a linear space spanned by the columns of G(a),
the generalized solution X of the canonical equilibrium equation (18) is well defined by

x=GT(o)c,

where GT(o) denotes the Moore-Penrose generalized inverse of G(o'). Substituting this
generalized solution into the total complementary function E and let S, be a generalized
canonical dual feasible space defined by

Sg={0 €R" ¢ >0, ceCu(G(0))}, (19)
the generalized canonical dual function P# : S, — R can be formulated as
P8(0) = sta {E(x, o) xe R”}
1 1
= —5(G'@)e.0) = S{e, o). (20)

Therefore, the generalized canonical dual problem (P$) can be formulated as the following
minimal stationary point problem

(P8): minsta [Pg(a) = —%(GT(O')C, c) — %(e,a) | o€ Sg] . 21

Theorem 2 (Complementary-dual principle) The problem (P¥) is canonically dual to (P)
in the sense that if ¢ € Sy is a feasible solution of (P#), then the vector
X(6) =G'(@)c (22)
is a feasible solution of the problem (P) and
P(X) = P5(d). (23)
If 6 # 0 is a critical point of (P$), then X € dX, is a feasible solution of (”Pip).

Proof By introducing a Lagrange multipliere € R” := {€ € R"| € < 0} torelax the inequal-
ity condition ¢ > 0 in S,, the Lagrangian L : S; x R”Z. — R associated with the problem
(P8) is

L(o,€) = P8(0) — (€, 0). (24)

Itis easy to prove that the criticality condition §L(a, €; 0) = 0 Yo € R" (Gateaux variational
of L at (0, €) in the direction of ¢, see [12]) leads to the geometrical equation

e =VPE(@) = %(i(&) oX(0) —e) = &(x(0)) — %e (25)
and the KKT conditions

0<o 1L ex)=<0, (26)
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where X = GT(6)c, and & L € denotes the complementarity condition, i.e.,

_ 1,y .
ex) Lo & 5( l)ai=0, Vi=1,...,n.

Pl

This shows that if ¢ is a KKT point of the problem (P%), then X = G'(6)cis a KKT point
of the primal problem (P).
By the complementarity condition in (26) and X = G¥(&)c, we have

P@) = (6T @)e & — (G @)e.0) 5 (e.)

N = N =

(x,0x) — (x,¢) + %(f(oi —e,0) = P(Xx).

Moreover, if 6 # 0, the complementarity condition €(X) L ¢ in (26) leads to €(X) =
%(i ox—e) =0,i.e., VPS8(a) = 0. This shows that if & # 0 is a critical point of P$(0), the
associated vector X(6) = G'(a)c € {—1, 1}" is a KKT point of the integer programming
problem (P;). O

Remark Comparing (P4 with (P8) we can see that the constraint det G (o) # 0 in the origi-
nal dual feasible space S, is released by using the generalized inverse. Actually, det G(a) # 0
is not an optimization (variational) constraint as the Lagrange multiplier for this inequality
condition is identical zero (see [ 12]). For the integer programming problem (P; ), the inequal-
ity constrainte < %e in Eq. 12 should be replaced by the equality constraint e = %xox = %e,
and also the condition ¢ € C,;(G(0)) is not a constraint (see [18]). Therefore, the canonical
dual problem for the integer programming problem (P;,) can be simply formulated as the
following minimal stationary point problem

1 1
(P{‘;) : minsta ‘Pg(a) = —E(GT(O’)C, c) — E(e, o)| o # 0} . 27)
Corollary 1 If o is a solution to (Pf;)), then the vector X = GT(d)c € {—1, 1}" is a feasible

solution to the integer programming problem (P;p).

Proof By the criticality condition § P¢(c;0) = (VP8(0),0) = 0 Vo # 0 € R", where
8 P8(0; o) denotes the Giteaux variation of P# at ¢ in the direction o', we have the canonical
complementarity equation

(x(6)ox(6) —e,0) =0 Vo € R", (28)

whereX = G'(6)c. Therefore, under the condition & # 0, the canonical solutionx = Gf(o)e
is a feasible solution of (P;). ]

For the given indefinite matrix Q, the inequality constraint ¢ # 0 is essential for the
canonical dual integer programming problem (P;). But, this condition, as well as the con-
dition ¢ € Cy(G(0)) in Sg, can also be relaxed easily by perturbation methods given in
Sect. 5.
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3 Global optimality and existence criteria

In this section, we shall present both global and local optimality conditions for the nonconvex
problems (P) and (P;,). We let

S =10 €8] G(0o) =0}, S; ={0 €S| G(a) <0}, (29)

and consider the following canonical dual problem:
1 1
(P8.) : max [Pg(a) = —E(GT(o)c,c) —leo)|oe s;] : (30)

Theorem 3 For any given matrix Q € R™*" and a vector ¢ € R", the canonical dual prob-
lem (77;%3,() has at least one KKT point 6 € S;' and the following weak duality relation
holds

min P(x) > max P8(a) = P%(a). 31

xeX, O'ESK

If the KKT point 6 € S; is a critical point of P8(0), then the vector X = G'@)cisa
global minimizer to the primal problem (P) and the following strong duality relation holds

P(X) = min P(x) = max P%(o0) = P5(5). (32)
xeXy, oeSs
If 6 € S, is a critical point of P8(0) and X = GT(6)c, then on the neighborhood
X, xS, C X, x Sg’ of (X, @), we have

P(X) = min P(x) = min P8(0) = P4%(d). (33)
X, So

xeX, Oc

Proof Since S;‘ is a closed convex set, for any given o € 8:,' such that x = G¥ (o)c, the
Hessian matrix of P4 (o)

V2 P4 (o) = —Diag(x(e)) G (o) Diag(x(0)) (34)

is negative semi-definite on S;. Thus, the canonical dual function P8 (o) is concave on S;‘.
By the fact for any given ¢ > 0 € R”

lim P8(ao) = —o0, (35)

o—> 00

we know that the canonical dual function P8 (o) is coercive on the closed convex set S;‘.

Therefore, the canonical dual problem (Pﬁlax) has at least one maximizer o € S; by the
theory of convex analysis [4,32]. Since the total complementary function E (x, o) is a saddle
function on R” x S;‘, we have

min P(x) = min max E(X,0) > max min Z(x,0) = max P%(o).
xeX, xeR" geSt oS xeR” oesSy

This leads to the weak duality relation (31).
By Theorem 2 we know that if the vector & € S; is a critical point of the canonical dual
function (P8), then X = G"(¢)c is a KKT point of the problem (P) and

P(X) = E(X,6) = P8(d). (36)
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Since the geometrical operator A(x) defined in (11) is a (pure) quadratic operator, the qua-
dratic function

1
Gy (x,0) = §<X’ G(o)x) 37

is the so-called complementary gap function first introduced in [22], which is a convex
function of x € R” for any given o € S; . Therefore, the total complementary function
E:R" x S;’ — R is a saddle function which is convex in x € R" and concave in ¢ € S;‘.
Thus, by Theorem 5 proved in [22] we have (32).

On the other hand, if G(6) < 0, the total complementary function E(x, o) defined by
(17) is a so-called super-critical function (see [12]), i.e., it is locally concave in both x and
o. Thus, on the neighborhood X, x S, of (X, 6), we have, by the triality lemma proposed in
(15]

P(X) = min P(x) = min max E(X, o)
xeX, xeX, 0 €S,

= min max E(X,0) = min Pé(c) = P2(q).
0S8, XeX, oeS,

This proves the statement (33). ]

Corollary 2 Suppose that 6 € S;r is a critical point of the canonical dual problem (Pﬁax)
andx = G (d)c.

If G(0) > 0, then X is a unique global minimizer of the problem (P).

Ifo € Sg‘ and o # 0, then X is a global minimizer of the integer programming problem

(Pip)~

Theoretical results presented in this section show that by the global optimality condition
Gup(x,0) > 0 Vx, proposed in Gao and Strang’s original work [22], the nonconvex minimi-
zation problem () can be converted into a concave maximization problem (Pﬁlax) over the
convex set S; , which can be solved by well-developed nonlinear programming methods. If
the dual solution ¢ € S;‘ , it must be a critical point of P?%(0) and the vector X = [G(¢)] !¢
is a unique global minimizer of the problem (P). If ¢ # 0, then X = [G(6)]Le must be
located on the vertices of X, i.e. X € {—1, 1}"* is a global minimizer to the integer pro-
gramming problem (7;,). Since the primal function P(x) is nonconvex, to find the global
minimizer by traditional direct approaches are fundamentally difficult. Therefore, traditional
direct methods for solving such problems are difficult.

Theorem 3 shows that a vector x = G'(5)cis a global minimizer of the problem (P) if &
is a critical solution of (Pﬁ,ax). For certain given matrix Q and vector ¢ € R", the canonical
dual function might have no critical point in S;‘. In the case that det G(o) = 0, the problem
(Pﬁ,ax) may have multiple KKT points ¢ on the boundary of Sg‘ . In this case, the primal
problems (P) and (P;,) may have multiple solutions. Detailed discussion will be given in
the following section.

4 Existence and uniqueness conditions

The weak duality theorem (31) shows that the canonical dual problem (P,‘iax) provides alower
bound for the box/integer constrained problems. In order to study existence and uniqueness
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of the canonical dual problems, we introduce a singular hyper-surface defined by
Go ={o € R"| detG(o) = 0}. (38)

Theorem 4 (Existence and uniqueness criterion) Suppose that for a given symmetric matrix
Q and a vector ¢ such that 8; #Wand G, C 8;. If for any given o, € G, and o € S},
lim P8(o, + ao) = —o0, (39)
a—0t
then the canonical dual problem (Pr‘iax) has a unique critical pointa € S; andx = G~} (o)c
is a global minimizer to the primal problem (P). If ¢ # O, then X is a global minimizer to
the integer programming problem (P,-p).

Proof 1fG, C S;’, then S; is a closed convex subset of R’}.. Since P8 : S;‘ — Ris concave
and the condition (35) holds, if (39) holds, the canonical dual function P8 (o) is coercive on
the open convex set S;. Therefore, the canonical dual problem (P$) has a unique maximizer
ges;. O

Clearly, if Q > 0, the quadratic objective function P (x) is convex and the solution to the
box constrained primal problem () could be a stationary point in the box &;. If Q < 0, the
primal function P (x) is concave and its global minimizer X must be located on the boundary
of the feasible space X} . In this case, the box constrained problem () is identical to the
integer constrained problem (Pi P), and both of them are considered to be NP-hard. How-
ever, by the fact that G, C S; and for any given ¢ € R”, the dual feasible space S;r # 0,
the canonical dual problem (Pﬁm) could be much easier to solve. Detailed discussion is
given in the next section.

In the case that Q = Diag(q) is a diagonal matrix with q = {g;} € R” being its diagonal
elements, the canonical dual function P9 (o) has a simple form

- c? 1
Plo) = — —t 4+ —0; |. 40
@) ;(2(‘]:’4‘01‘) 2" “o
The criticality condition 8 P (o) = 0 leads to the dual solutions

oi =—qix|ci|, Yi=1,2,...,n. (41)

Clearly, for any given q € R",if ¢; # 0 Vi = 1, ..., n, the condition (39) holds. Therefore,
by Theorems 3 and 4, we have the following result.

Corollary 3 For any given diagonal matrix Q = Diag(q) and a vector ¢ € R" such that
¢i #0 Vi=1,...,n, then

Ci

X [—l] is a global minimizer of (P;p) if ¢ = {—q; + |c;|} > 0;

|ci

X

‘ ci ] ‘ is a local minimizer of (Pip) if ¢ = {—q;i — |ci[} > 0,

_m is a local maximizer of (P;p) if 0 = {—¢q; — |ci|} < 0.

5 Perturbations and analytical solutions

For any given indefinite symmetrical matrix Q € R"*", there exists a parametrical vector
a € R” such that Q + Diag(e) is either positive definite or negative definite. By the fact that
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X o X = e, the integer programming problem (P;,) is identical to the following perturbed
problem

(Py) : min [Pa(x) = %(X, (Q + Diag(a))x) — (x,¢) —dy | X € 82(0] s 42)

where d, = %(e, a). Clearly, if we choose & € R” such that Q, = Q + Diag(e) < 0, the
primal function P, (x) is strictly concave and its global minimizers must be located on the
boundary 0., . In this case, the condition G, (6) = Q + Diag(a + o) > 0 implies ¢ > 0.
Therefore, on the perturbed dual feasible space

SF ={o € R"| Go(0) = 0}, (43)

the perturbed canonical dual problem is
. . | R 1 N
(P§) : maxsta{Pf(o) = —5(Ga(0)e.c) = S(e.0) —du |0 €5, 1 (44)

Since the inequality constraint o # 0 is relaxed by the «-concave perturbation Q+Diag(a) <
0, this perturbed canonical dual problem is easier than (Pf;). Still, for certain given ¢ € R”,

the function P (o) may have no critical point in S;. Therefore, a nonsmooth a-perturbed
canonical dual problem was proposed in [17]

(PS) : minstang(o) = —%(Q;la,a) —Z|c,~ —oi|l—dy | o GR”], (45)

i=1
where |t;| = max{t;, —t;} represents the absolute value of ¢;.

Theorem 5 (Analytic solution to integer programming problem (P;,)) For a given o € R"
such that det Qy # 0. Then the problem (ng ) is canonically dual to the integer programming
(Pip) in the sense that if 6 = {0;}" is a solution to (733), then the vector X = {x;}" defined
by

lci —0i

X(6) = [L&"] (46)

is a feasible solution to (P;,), and P(X) = Po’f (o).
IfQy > 0, the dual problem ("Pg) has at most one solution &, which is a global maximizer
of Po‘f (0), the vector X(') is a unique global minimizer of (P;p), and

P,(X) = min P,(x) = max staP?(0) = P¢(&). (47)
xe{—1,1}" 0 cR”

If Qy < 0, the dual problem (Pg) exists at least one solution &, the vector X(a) is a global
minimizer of (Pip), and

Py (x) = Xe{n_liln }

1\

Py(x) = min Pd(a) = P4 (). (48)
0 cR"
Proof The first part of theorem can be proved easily by the complementary-dual principle.

If Qq > 0, then PZ (o) is strictly concave and the canonical dual problem (P?) is equivalent
to

max sta {Pg(a) |o € ]R"} , (49)
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which has at most one solution ¢ over R”. By the canonical duality theory, the feasible
solution X(0') is a global minimizer of (P;).

If Q, < 0, the function P,(x) is strictly concave and the primal problem (P,) has
at least one global minimizer located on dX,. By the complementary-dual principle, the
unconstrained dual problem (P¢) has at least a stationary point which minimizes P¢ (o)
over R”". O

Theorem 5 shows that for convex perturbation Q, > 0, the canonical dual problem (Pg )
is a unconstrained concave maximization problem (49). Therefore, if the primal problem
has a unique global minimizer, it can be obtained easily by solving the convex perturbation
canonical dual problem (49). However, for certain given Q and ¢, this problem may have no
critical solution.

On the other hand, for concave perturbation Q, < 0, the global minimizers of (Pg ) must
be critical points. Therefore, the integer programming problem (7;),) is equivalent to the
following unconstrained nonconvex/nonsmooth minimization problem

min {Po‘f(a) |o e ]R"} , (50)

which can be solved by certain deterministic methods (may be not in polynomial times), such
as the DIRECT method [20]. Combining Theorems 3 and 5, the condition for existence of
unique solution can be given by the following result.

Theorem 6 (Unique analytic solution) For a given matrix Q = {q;;} € R"*" and a vector
¢ ={c} e R" leta = {o;} € R" be a parametrical vector such that either Q+ Diag(a) > 0
or Q + Diag(a) < 0. If

n
leil > D leidij +qij| Yi=1,....n, (51)
j=1

where 8;j = 1 ifi = j, 0if i # j is Kronecker delta , the integer programming problem
(Pip) has a unique global minimizer X = {x;}" determined by

_ 1 ife; > S"_ Jaidii +qiil,
He [ -1 ljffci < §JZ',%=|11|0;:51‘J‘ f]i-qu|ij|- (52)
Proof By the criticality condition V P (5) = 0 we have
(G, (@)e) o (G (@)e) =re, (53)
or in the component form (G ((i)c)l.2 = 1. Thus we have G ! (3)c = t, where t = {£1}".

This leads to the linear equation @ ot = ¢ — a o t — Qt, or equivalently,
c=(c—aot—Qt)ot.

If the condition (51) holds and let t = x = {x;}"", where X; is defined by (52), then we
have ¢ > 0. This leads to G4(a) > 0 since Q + Diag(ae) > 0. By Corollary 2 we know
that x = G;l (0)c = {x;}" given by (52) is a global minimizer to the integer minimization
problem (P;).
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On the other hand, if Q 4 Diag(a) < 0 and the condition (51) holds, the dual problem
(ng ) has a unique critical point & = GgX. Therefore, the vector defined by (52) must be a
unique solution of (Pi p). O

Theorem 6 shows that the existence of a unique analytical solution depends mainly on the
given input c. If ¢ is very small or even zero (for example, max-cut problems), the primal
problem (Pip) is usually NP-hard and has more than one global minimizer. Therefore, in
order to use the canonical dual problem (735 ) for solving the integer programming problem,
a f-perturbed canonical dual problem can be proposed as the following

n 2
(Pgﬁ) : max[ngﬂ(a) = —%(G;l(a)c,c) - ;;(Z’Z +a,~) —dy | Gg(o) = 0] ,
(54)

where B € R/} is a given perturbation vector.

Theorem 7 (Canonical dual perturbation) Suppose that for the given Q € R*™*", ¢ € R”,
and a perturbation vector e € R" such that Q 4+ Diag(a) < 0. Then there exists a vec-
tor B > 0 such that for any given f§ > B the B-perturbed canonical dual problem has a
unique solution og € S If Xg = G;l((?ﬂ)c € {—1, 1}", then Xg is a global minimizer to
(Pip)'

Proof For any given Q € R"*" and ¢ € R”, there exists a vector « € R” such that Q +
Diag(e) < 0 and S C 8;’ # ). Therefore, by Theorem 4 we know that for any given

B € R, the B-perturbed canonical dual problem (Pdﬂ) has a unique solution ¢ g. By the

«,
complementary-dual principle and the penalty method we known that if Xg € {—1, 1}", then
Xg should be a solution to (P;). o

6 Canonical duality algorithm

Deterministic methods for solving the nonsmooth «-perturbed canonical dual problem (ng )
will be given in an another paper. In this section, we shall discuss the algorithm for the -

perturbed canonical dual problem (735 ﬁ) . Since for a given perturbation vector 8, € R’ , the

canonical dual function Pjﬂ (0) is smooth and strictly concave on S}, the problem (Pgﬁ>

can be solved easily by Newton-type methods. An important step in nonlinear iteration algo-
rithms is to choose a good initial vector a9 € S;. By the canonical duality theory for solving
quadratic minimization over a sphere %||x||2 < 1 developed in [15], we can let g = oype,
where oy is a solution to the one-dimensional problem

Py : max[P;’(a) = —%(G;](o)c,c) — 0 —dy | Gulo) >0], (55)

in which, G4 (0) = Q + Diag(a) + o /. By using this initial solution, an algorithm can be
proposed to solve the problem (Pi p).
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Algorithm 1 (Canonical dual perturbation for integer programming)

Step 0: Let 0y = o9l, compute Xo = ](ao)c and P (00) Also let k = 0, choose
BoeRl, w>1andé > 0.
Step 1: Compute the canonical dual solution o 41 by solving

Ply(04s1) = max [Pjﬂ(a) | Go(0) = 0} (56)

with o as a starting point.
Step 2: Compute the primal solution by

-1
Xp+1 = Gy (0k+1)C.

Step 3: If either | Py (0411) — Pag(01)| > 8 or [P(Xes1) — Pg(@py1)| > 8, let
Biy1 =wBiandk =k +1, goto Step 1.

Otherwise, stop the algorithm, the vector o 41 is the optimal solution of (”Pgﬁ). If

Xi+1 € {—1, 1}, it is the optimal solution for the integer programming problem
(P,- p). Otherwise, round the current Xy to the nearest integer vector and report
the rounded solution.

The concave maximization problem (56) can be solved easily by the Newton method:
Okt = 0% — Hip1 VP (o), (57)

where VPd (0kx) = Xg oXy —e —oy/B; and Hy is the inverse Hessian matrix of P ﬁ(ak)
which can be simply given by

—1 _
Hiwy = (V2P&(00) = [~Diagx)G; " (0,)Diag(xi) — Diag(1/8p] . (58)

For high dimensional problems, the BFGS method is suggested.

7 Applications

Example 1 One-D concave minimization. First of all, let us consider one dimensional con-
cave minimization problem:

min[P(x) qu —cx | —1§x§1]. (59)

Clearly, if ¢ < 0, the global minimizer of P(x) has to be one of boundary points x = =£1.
Since g # 0, the canonical dual function P(c) = P&(0) is

1 1
Plo) ==5¢*(q+0) = 5o (60)
The criticality condition 8 P?(0) = 1¢?/(g + 0)> — = 0 has two roots: 512 = —q = |c|
and x1 2 = =£c/|c| € {—1, 1}% are two KKT points of (P). By Theorem 1 we know that
&1 = —q + |c| > —g > 0 s a unique global maximizer of P4 on S} = {0 € R |0 >
0, ¢g+o0 >0}
The canonical dual function P(f (o) in this example is a nonconvex/nonsmooth function
L _
Pg(o):—iq o2 —|c— o], (61)
which has at most two critical points: 61 = g if ¢ > g and 6, = —¢q if ¢ < —¢q.
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If we choose ¢ = 0.5, ¢ = —1, the dual solution &1 = 1.5 for the problem (P?) gives
the global minimizer Xx; = ¢/(¢ + o1) = 1. Itis easy to check that P(x;) = —1 = P4(51).
While 5 = 0.5 is a minimizer of P4 on S, ={oc eR|o >0, g+ o < 0}, which gives
a local minimizer X, = —1 and we have P(¥;) = 0 = P%(&3). The graphs of P(x) and
P4 (o) are shown in Fig. la.

The graphs of P(x) and Po‘f (o) are shown in Fig. 1b. As we can see that the graph of

Po‘f (o) is nonconvex/nonsmooth and has two critical points 6; = —1 and 6, = 1. By
the analytical solution form (46) we have x; = 1 and x, = —1. It it easy to verify that
P(x1) = Pj(c"r]) =—land P(xp) = Pg(&z) =0.

If we choose ¢ = 1.5, g = —1, the canonical dual problem (Pd) has two critical points:

o1 = 2.5 and 0o = —0.5. By the fact that o1 € SJ‘, therefore x| = c/(q +01) = lis a
global minimizer and P(x1) = —2 = Pd(61). Since oo = —0.5 < 0, by Corollary 3 x; is
a local maximizer (see Fig. 2a). In this case, the canonical dual problem (7?3 ) has only one
critical point ¢ = —1 which is a global minimizer of Po‘f (0). By Theorem 5 we know that
X = 11is a global minimizer of (P;,) and P(x) = =2 = P(f(c_r).

Example 2 Two-D nonconvex programming problem. We now consider the following
quadratic programming within a convex set:

. 1
min P(xy, x2) = 3 (Chxlz + q2x3 + 2g3x1x2) — €1X] — C2x2 (62)
st —1l<x<1, i=1,2. (63)
0.5 T 0.5 =
0.0 @) j (b)
0.0
-0.5
-0.5
-1.0
-1.0
-1.5
-2.0 / - -15 L L
-1 0 1 2 3 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
P(z) and P¥(0) P(x) and P{(o)

Fig. 1 Graphs of P(x) and its dual functions for Example 1 with ¢ = 0.5

L@ / 1 o

[ J b

-2 -1 0 1 2 3 4 -2 -1 0 1 2

P(z) and P%(0) P(z) and P¥(0)

Fig. 2 Graphs of P(x) and its dual functions for Example 1 with ¢ = 1.5
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Fig. 3 Graph of the concave function P (x1, x3) and its contour for Example 2 (I)

The canonical dual function has the form of

1 a+oa ¢ |'Ta 1
P8(01,07) = —=[c1, ¢ — —(o1 +02). 64
(01,02) 2[ 1 2][ & pto o 2( 1+02) (64)
Three cases will be considered.
Casel. g1 < 0, ¢ < 0, and g3 = 0. In this case, P(x) is concave. If we let

¢ = (0.1,-0.3), g = —0.5, g = —0.6, the dual function P¢(¢) = P%(c)
has four critical points:

o1 =1{0.6,0.9}, 02 ={04,0.3}, o3 ={04,0.9}, o4 ={0.6,0.3}.
It is easy to check that critical point
01=1{06,09} €SS ={0 eR?| a1 >0.5, o2>0.6)}
and
0,={04,03}eS, ={o0 ¢ R?| 0 <oy <0.5, 0<o0y <0.6}.

By Theorem 2, we know that x| = {c;/(¢; + 0i)} = {1.0, —1.0} is a global min-
imizer, and xp = {—1.0, 1.0} is a local minimizer on the boundary. It is easy to
verify that

P(x1) = Pl(o1) = —0.95 < P(x2) = P%(,) = —0.15.

The other two solutions a3 = {0.4,0.9}, o4 = {0.6,0.3} give x3 = {—1, —1},
and x4 = {Il, 1}, respectively. We have P(x3) = Pl(g3) = —0.75, P(x4) =
P4(a4) = —0.35. (see Fig. 3).

Casell. g1 <0, g2 > 0, and g3 = 0. In this case, P(x) is a saddle function. If we let
¢ = (0.1,-0.3), g1 = —0.5, g = 0.3, the dual function P4 has four critical
points

01 =1{0.6,0.0}, o2 =1{0.4,0.0}, o3 =1{0.4,—-0.6}, o4 ={0.6, —0.6}.

Sinceo; € S§ = {0 € R?| 01 > 05, 02 >0}, andoy € S; = {0 €
R2| 0 <01 < 0.5, o2 > 0} are KKT points, by Theorem 1, we know that
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Fig. 4 Graph of the saddle function P (x1, x3) and its contour for Example 2 (II)

x; = {1.0, —1.0} € X} is a global minimizer, and x = {—1.0, —1.0} € A, isa
local minimizer. It is easy to verify that

P(x1) = Pl(a1) = —0.5 < P(x2) = PU(a2) = —0.3.

Since 03 and 04 are not KKT points, x3 = {—1.0, 1.0} and x4 = {1.0, 1.0} are not
local extrema (see Fig. 4).

Case IIL. General matrix Q € R?*? with integer Solutions.
Welete = {1, -2}, g1 = —-2., g2 = —1, g3 = —3. In this case, the eigen-
values of Q are {—4.54138, 1.54138}, i.e. the primal problem is nonconvex. The
dual problem has four critical points

o] = {4» 6}’ 0y = {65 2}9 03 = {09 0}7 04 = {_2’ _4}3
from which, we have
xi ={-1,-1}, xo ={1,1}, x3={1,-1}, x4 ={-1,1}

on the four corners of thebox X, = x e R?| —1<x; <1, —1<x <1}.
Since 0| € S;‘ , we know that x| € X, is a global minimizer (see Fig. 5), and

P(x1) = —5.5 < P(x2) = —3.5 < P(x3) = —1.5 < P(x4) = 4.5.

Case IV. General matrix Q € R2*2 with mixed solutions.
Wechooseq) = —4., ¢q» =10, g3 = —2,theeigenvalues of Qare {10.3, —4.3},
i.e. the primal problem is nonconvex. If we let ¢ = {—8, 10}, the dual solution is
o ={104,0} € Sj. Since o, = 0, the constraint —1 < x, < 1 is inactive. The
corresponding primal solution x = {—1.0, 0.8} is not on the corner of the feasible
set X, (see Fig. 6), but we still have P(x) = —1.3 = P4(0).
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-1

Fig. 5 Graph of the saddle function P(x1, x7) and its contour for Example 2 (III)

Example 3 High dimensional integer programming problem
We now let n = 10 and randomly choose Q and ¢ as

-6 2 -1 -3 1 1 -3 -3 0 -1
2 -10 -1 2 1 0 2 1 -3 —4
-1 -1 -5 0 3 -1 1 0 -1 —4

-3 2 0 -6 1 1 1 -2 0 0
13 1 =7 0 -4 -1 -1 2
Q=11 o 11 0 621 3 -1]
-3 2 1 1 -4 -2 -8 -1 0 0
-3 1 0 -2 -1 1 -1 -3 0 0

0 -3 -1 0 -1 3 0 0 -7 —4
—1 -4 -4 0 2 -1 0 0 —4 —6

¢ ={-9.49,6.14,9.13,0.0525, —2.54, 6.69, 0.847, —8.36, 6.31, —2.69}.

Direct method for solving this size problem need 2! times enumerations. However, the
canonical dual problem can be solved with a few steps of iterations to obtain the global
maximizer

o =2{12.2,16.0, 12.0, 6.0, 8.8, 6.3,7.6, 10.2, 8.7, 8.7}.
The global minimizer of the primal problem (P) is then
x={-1,1,1,-1,—-1,1, -1, -1, 1, 1}
and P4(0) = —119.1 = P(x).

8 Conclusion remarks and open problems
We have presented a detailed application of the canonical duality theory for solving box and

integer constrained quadratic optimization problems (P) and (Pi ,,). By using the canonical
dual transformation, several canonical dual problems and their perturbations are proposed.
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Fig. 6 Graph of the function P(x1, x2) and its contour for Example 2 (IV)

Since the canonical dual problem (Pjax) and its perturbation form (Pgﬁ> are smooth con-
cave maximization over convex feasible spaces, which can be solved easily for certain given
Q and c. Existence and uniqueness criteria are given by Theorem 4. If Q and c¢ satisfy the
condition (51), unique analytical solution can be obtained by Theorem 6.

Theorem 5 is particularly useful, which shows that for any given Q and ¢, the discrete
integer constrained problem (Pi ») is equivalent to the continuous unconstrained canonical
dual problem (’Pg). For convex-perturbation Q + Diag(a) > 0, if the concave maximization
problem

(P): max {Pdo) o er"}. (65)

has a critical solution, the discrete problem (Pip) can be solved uniquely. Otherwise, the
nonsmooth problem (Pg) provides a lower bound for box constrained problem (7). For

concave-perturbation Q + Diag(a) < 0, the problem (Pg ) can be simply written as
(P2): min {Pd@)] o er"}. (66)

This continuous unconstrained Lipschitzian optimization has at least one critical solution,
which can be obtained by certain deterministic techniques, for example, the well-known
DIRECT (Dlviding RECTangles) algorithm [27]. Therefore, we have the following conclu-
sions:

The primal problems (P) and (P;p) can be solved in polynomial times if the canonical dual
(P8) has a critical point in Sg," . The discrete problem (P;p) is equivalent to the continuous
dual problem (Pg ) which can be solved deterministically.

However, for certain given Q and ¢, the canonical dual problem (P#) may have no critical
point in S;r. In this case, the primal problems (P) and (P;;) could be NP-hard. In order to
solve the following equivalent canonical dual problems,

minsta {P%(c) |0 € S,}, minsta{P%(a) | o # 0} (67)

several perturbation forms (’P§ ) R (Pg ), and (’Pg /3) , as well as the related theorems have been
proposed in this paper.

The canonical duality theory was originally developed for general complex systems [12,
22], which has been successfully applied for solving a class of nonconvex/nonsmooth vari-
ational/boundary value problems [11]. Complete sets of solutions to a class of well-known
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problems in finite deformation mechanics and phase transitions of solids have been obtained
[18]. Recent applications in finite dimensional systems shown that this theory is potentially
useful for solving both continuous and discrete global optimization problems [6,14,16,17,
19,21].

As indicated in [12-14], the key step in the canonical dual transformation is to choose the
(nonlinear) geometrical operator A (x). Different forms of A(x) may lead to different (but
equivalent) canonical dual problems (see [23]). It is now realized that the popular semi-defi-
nite programming (SDP) method for solving integer programming and network optimization
problems is actually a special application of the general complementary-dual principle pro-
posed in [22]. To see this, instead of the vector-valued (pure) quadratic geometrical operator
AX) = % {xTQx, X o x} given in (11), we simply let A(x) be a matrix-valued geometrical
operator:

1
E=Ax) = EXXT (R" — £ =R™", (68)

Then, both the primal problems (P) and (P;;,) can be written in the following unified canon-
ical form

min{I1(x) = V(A (X)) — (x, ¢)| x € R"}, (69)
where the canonical function V : £ — R U {400} is defined by
Vi) = Q&) + {(o’o b (10)

For box constrained problem, the effective domain &, of V(&) is defined
E,={Eel|é& :ET, £>0, 2&; <1 Vief{l,...,n}, & rank-one }. (71)

While for integer constrained problem, the inequality 2&;; < 1 in &, should be replaced by
equality. The bilinear form (£; §*) : £ x £ — R is defined

(€; &%) = trace(§TE") = D~ > &;j& (72)
i=1 j=1

Using 0 € R” to relax the inequality condition &; < % and let § = %xxT to relax § =
§T, & > 0, and rank-one conditions in &,, the Fenchel sup-conjugate of the canonical
function V (&) can be obtained as

VEES) = zupus; £) — V(&) = sup {(§; §* — Q)}
et

Eeg,
= s [;x € -0 -3 Joi (3 - 1)]

_[ite.o) ifE*eg
| +00  otherwise,

where
& ={E" €& =R"™"| & = Q+Diag(o), o6 €R}}. (73)
Therefore, in term of o, the standard total complementary function

B(x, £%) = (AX); £*) — V¥ (§) — (x,¢)
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has exactly the same form as E(x, o) given in (17). Since the geometrical operator A (x) =
%XXT is pure quadratic tensor-valued function of x, its Gateaux variation at X in the direction
of xis SA(X; X) = A;(X)x = xx/, where A,;(X) = VA(X) denotes the Gateaux derivative
of A(x) at X. Its complementary operator is defined as A.(x) = A(X) — A;(X) = —%xxT
(see [22], where A, A;, A, were denoted as A, T, N, respectively). By A, the canonical
equilibrium condition (i.e. the virtual work principle (17) in [22])

(A, (X)x; E) = (x,¢) Vx e R”

leads to the analytical solution form X = G'(o)c. While by A, the complementary gap
function (equation (39) in [22]) is given as

1 1
Gap(x, £") = (A (x); &%) = E<xxT; Q + Diag(9)) = 5 (x, G(0)x)

which has exactly the same form as G, (X, o) given in (37). Clearly, the sufficient condition
Guyp(x,0) = 0 Vx € R" for global minimizer of the primal problem leads to the semi-
positive definite condition G(o') > 0. Therefore, by Theorem 5 proposed in [22], we have
the canonical min-max duality theorem (32), i.e.,
. d
;Eig P(x) = (238)3 P (o).

Thus, we have shown again that the equivalent (or the same) canonical dual problem can be
obtained by using different quadratic geometrical operator A (X).

In finite deformation theory and differential geometry, the pure quadratic geometrical mea-
sure £ = A(x) is similar to the Cauchy-Riemann type metric tensor, which has been used
extensively in the canonical duality theory [12]. In semi-definite optimization, the bilinear
form (§; §) is denoted by & e &£*. Therefore, in a very special case of ¢ = 0, the canonical
primal problem (69) for integer programming can be written (in term of X = 2& = xx/) as:

1
(Pme) © min EQ X, s.z. X>0, X;;=1, X=X, X rank-one. (74)

If both the symmetrical and rank-one constraints are ignored, this problem is exactly a semi-
definite programming problem [36]. However, we must emphasize that for quadratic integer
programming problems, these two conditions imply that X = xx’ and can not be ignored.
Otherwise, the problem (74) will have n x n unknowns, and the dual variable of X should
be also a tensor X* € R"*", instead of a vector in R”. Therefore, by introducing Lagrange
multiplier o € R” to relax the equality and rank-one conditions, we have

GAE max[—%(e,a)l G(o) > 0, a;éol, (75)

which is clearly a special case of the canonical dual problem (Pr‘%ax).

From Theorems 4 and 6 we know that the vector ¢ plays a fundamental role for unique
solution of the nonconvex quadratic programming problems. From point view of systems
theory, ¢ represents input (or source) while x the output (or state). If there is no input, the
system either has trivial solution (x = 0) or more than one solution. The reason for multi-
solutions is due to the symmetry of the systems. The input usually destroys certain symmetry
and leads to the possibility of unique solution. It turns out that there is a limitation for the
SDP method. It was shown in [24] that the best ratio of the optimal values of the max-cut
problem and its SDP relaxation is usually about 0.878. By introducing a linear cost (X, ¢)
in (Ppe). a linear-perturbation canonical dual approach method was proposed for solving
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general homogeneous nonconvex systems [33] and max-cut problems [37]. It was shown in
[37] that for certain given inputs ¢, the integer programming problem (7;;,) and the max-cut
problem have the same solution set and can be perfectly obtained by the canonical dual
approach.

The a-perturbed problem (P,) is actually a quadratic perturbation which was proposed
in [33] for solving general Euclidean distance geometry problems in network optimization.

While the S-perturbed problem (Pgﬂ) is a fourth-order perturbation and is a natural appli-
cation of the canonical duality theory for solving general nonconvex minimization problems
with double-well structures. Based on (Pgﬁ), the canonical dual algorithm proposed in

Sect. 6 can be used for solving a class of nonconvex/discrete problems. However, how to
choose the perturbation vector « and the series {8, } is fundamentally important and deserves
further investigation.
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